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Abstract. In this paper we investigate the qualitative behaviour of the pres-
sure function beneath an extreme Stokes wave over infinite depth. The pres-
ence of a stagnation point at the wave-crest of an extreme Stokes wave in-
troduces a number of mathematical difficulties resulting in the irregularity of
the free surface profile. It will be proven that the pressure decreases in the
horizontal direction between a crest-line and subsequent trough-line, except
along these lines themselves where the pressure is stationary with respect to
the horizontal coordinate. In addition we will prove that the pressure strictly
increases with depth throughout the fluid body.
1. Introduction
In the current paper we prove several qualitative features of the pressure func-
tion in an extreme Stokes wave over infinite depth. Extreme Stokes waves, or the
Stokes wave of greatest height, are defined by the appearance of a stagnation point
at the wave crest. The presence of a stagnation point at the wave-crest of an ex-
treme Stokes wave introduces a number of mathematical difficulties resulting in the
irregularity of the free surface profile [8, 30, 7]. We circumvent this difficulty by
excising the stagnation points and then employing a uniform limiting process. We
use recent results concerning the velocity field in deep-water extreme Stokes waves
which were obtained by the author in [24], and which generalise analogous results
for regular deep-water Stokes waves in [21].
A Stokes wave is a surface gravity wave, characterised by a steady, periodic,
irrotational flow symmetric about the crest-line, propagating in an incompressible
and inviscid fluid. In the work [27] Stokes conjectured the existence of a more
exotic species of such waves, incorporating a stagnation point at the wave crest,
where the fluid velocity is (0, 0) in the moving frame, the frame which moves with
the wave speed c > 0. The existence of the wave of greatest height as a steady,
periodic two-dimensional flow in deep-water, was established in the work [29] by
means of sequences of regular Stokes waves tending to the extreme Stokes wave.
The work of Amick et al. [2] established the regularity of the free surface profile
between successive crests for these extreme Stokes waves along with proving the
conjecture of Stokes that these wave crests contain an angle of opening of 120◦. The
analytical approaches of these contributions rely heavily on the irrotationality of
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the flow— the incorporation of the effects of vorticity require alternative approaches
and formulations cf. [11, 12, 10].
Mathematically and experimentally the properties of the pressure profile through-
out a fluid body are of interest for several reasons, for example the pressure within
a fluid body plays a significant role in governing particle trajectories therein, cf.
[6, 13, 19, 20] for some recent results concerning particle trajectories in regular
Stokes waves. While there are many papers which address the pressure profile
beneath Stokes waves, few are concerned with the exact nonlinear theory of the
flow. Nevertheless, the recent works [13] and [21] have established the qualitative
behaviour of the pressure from the fully nonlinear governing equations for regular
Stokes waves in finite and infinite depth respectively. The pressure profile for sur-
face waves of small amplitude such as those arising as solutions of the KdV equation
may be found in [23], while numerical and experimental results for nonlinear surface
gravity waves are presented in [18] and [28] respectively.
Measurements of the fluid velocity and pressure beneath ocean surface waves are
crucial to the design of cost-effective offshore structures (see [15] where predictions
of the forces exerted on offshore cylindrical structures are compared with those
predicted by linear models of surface wind waves). In addition, given the practical
applications relating the pressure measurements in water waves over finite depth
to the surface profiles of these flows (see [4, 5, 9, 16, 17, 22, 25] for some recent
results this regard), the pressure profile of deep-water flows is also a practical sub-
ject worthy of further study. Indeed, while pressure measurements are typically
taken from pressure transducers which are lain along the sea-bed, this has some
practical drawbacks due to the complex dynamics of the bottom boundary layer.
An alternative approach which is sometimes employed is to instead use transducers
suspended at a fixed-depth beneath the free-surface.
In this paper we will investigate the pressure profile of the fully nonlinear model
for extreme Stokes waves over infinite depth. It will be shown that the pressure is
strictly decreasing between a crest-line and subsequent trough-line within the fluid
body, except along the crest-line and trough-line themselves, where the pressure is
stationary with respect to the horizontal coordinate. Likewise, along the free surface
it will be shown that the pressure is strictly decreasing as we move horizontally
between a wave crest and subsequent wave trough, except at the crest and trough
themselves, where yet again the pressure is stationary in the horizontal direction.
Lastly, it will be shown that the pressure is a strictly increasing function of depth
at all points throughout the fluid domain.
In Section 2 we present the governing equations and associated boundary condi-
tions describing the two-dimensional fluid flow and discuss some a priori features of
the velocity field and free surface profile inherent to Stokes waves. In Section 3 we
introduce the hodograph transform by means of a pair of conformal maps, namely
the stream function and the velocity potential. While the hodograph transform
is conformal almost everywhere in the fluid domain, the presence of a stagnation
point at the wave crest means the map is no longer regular at that point, a dif-
ficulty that will be overcome in this paper. In Section 4 we present some results
concerning the velocity field throughout the fluid domain, which in turn will be
used in Section 5 to prove that the pressure decreases between any crest-line and
subsequent trough-line, except along these lines themselves. Additionally it will be
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shown that the pressure is strictly increasing with depth at all points throughout
the fluid.
2. The Governing Equations
Stokes waves are steady, periodic flows, which move with fixed speed, c > 0
say, with respect to the physical frame whose coordinates we denote by (X,Y, Z).
Since the flow is steady, it is always possible to construct a reference frame moving
relative to the physical frame in which the wave form is fixed, namely the moving
frame. The points of the moving frame are labelled with coordinates (x, y, z), while
the transformation between the physical frame and the moving frame coordinates
is given by
x = X − ct y = Y z = Z.
In this frame of reference the wave profile appears fixed and consequently the gov-
erning equations for the fluid flow depend on time implicity, and are written ac-
cording to
(2.1)
(u − c)ux + vuy = −Px
(u − c)vx + vvy = −Py − g
in Ω = {(x, y) ∈ R× (−∞, η(x))}, the interior of the fluid domain. Here and
throughout it is to be understood that the u, v and P are functions of the (x, y)-
variables. The associated boundary conditions are given by
P = P0 and v = (u − c)η
′ on y = η
(u, v)→ (0, 0) uniformly in x as y → −∞,
(2.2)
where η := η(x) and the constant P0 denotes the atmospheric pressure exerted on
the free surface by the air column above. Throughout this paper we consider Stokes
waves as irrotational flows in an ideal fluid (incompressible, inviscid) in the absence
of surface tension. As such we also require that the fluid velocity satisfy
(2.3) ux + vy = 0 and uy − vx = 0 in Ω
which ensure incompressibility and irrotationality respectively. We note that the
incompressibility and irrotationality conditions simultaneously imposed on either u
or v ensure that both components of the velocity field are harmonic in Ω, that is
to say
(2.4) ∆u = ∆v = 0 in Ω.
Being periodic in the horizontal direction, Stokes waves have an associated wave-
length which is defined to be the distance between two successive wave crests and
which we set as λ = 2pi without loss of generality. In the moving frame a wave-crest
will be fixed at the location x = 0 with wave-troughs at x = ±pi. Therefore the
horizontal fluid velocity u, the surface profile η and the pressure P are all sym-
metric about {x = 0}, while the function η is also convex for x ∈ [0, 2pi], cf. [26].
Meanwhile the vertical fluid velocity v is odd with respect to x. As such we need
only consider the behaviour of these functions in a semi-infinite strip of width λ,
namely Ωλ = {(x, y) : x ∈ (−pi, pi), y ∈ (−∞, η(x))}, and we define
Ω− = {(x, y) : −pi < x < 0,−∞ < y < η(x)}
Ω+ = {(x, y) : 0 < x < pi,−∞ < y < η(x)} .
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The regions Ω± are bounded above by the free surface sections given by
S− = {(x, y) : −pi < x < 0, y = η(x)}
S+ = {(x, y) : 0 < x < pi, y = η(x)} .
Periodicity and (anti)symmetry of the functions u, v, η, P will allow us to extend
our considerations in Ω+ throughout the fluid domain Ω.
In the case of regular, periodic, steady waves that are not near breaking, we have
u − c < 0 at the wave crest, cf. [7, 30]. Thus for regular Stokes waves we always
have
(2.5) u− c < 0 on Ω,
with the harmonic function u attaining its maximum at the wave-crest. In an
extreme Stokes wave, where we have u = c at the wave-crest, forming a so called
stagnation point (although see [7] for a discussion of the fluid particle behaviour at
the stagnation point), relation (2.5) becomes a non-strict inequality
(2.6) u− c ≤ 0 on Ω,
with equality achieved at the wave-cusp cf. [2].
The presence of a stagnation point on the free surface presents a number of
mathematical difficulties when we try to impose maximum principles on the ve-
locity field (u, v). However a recently developed approach [8, 24] has allowed us
to circumvent these difficulties by applying maximum principles in an excised do-
main. We then analyse the dynamical variables u and v and P in a domain with the
offending stagnation point removed, and obtain corresponding results for extreme
Stokes waves by way of a uniform limiting process.
3. The Hodograph Transform
From the incompressibility of the fluid flow we may introduce a stream function
ψ defined by
(3.1) ψy = u− c and ψx = −v.
where the irrotationality of the fluid flow, cf. equation (2.3), also ensures that the
stream function ψ is harmonic throughout the fluid domain. Integrating equations
(3.1) and using the symmetry properties of the velocity field, the stream function
is found to be periodic in the x-variable. Furthermore upon integrating equation
(2.1) the Euler equation may be equivalently written as Bernoulli’s Law which is
given by
(3.2)
(u− c)2 + v2
2
+ gy + P = Q,
where Q is constant throughout the fluid domain Ω. Bernoulli’s law evaluated along
the free surface allows us to reformulate the free boundary problem presented in
equations (2.1)–(2.3) according to
∆ψ = 0 on (x, y) ∈ Ω
|∇ψ|2 + 2gy = E and ψ = 0 on y = η(x)
∇ψ → (0,−c) uniformly in x as y → −∞,
(3.3)
where we introduce E = Q− P0 which is constant throughout Ω.
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In addition to the stream function, the irrotationality of the flow also ensures
the existence of a velocity potential defined by
(3.4) φx = u− c and φy = v.
The incompressibility condition, cf. equation (2.3), ensures that the velocity poten-
tial is also harmonic in the fluid domain, while integrating (3.4) and imposing the
symmetries of the velocity field, we deduce that the function φ+ cx is 2pi-periodic
in the horizontal direction.
Having defined a pair of harmonic conjugates, we now use φ and ψ to construct
the conformal map H : Ω→ Ωˆ, where (q, p) ∈ Ωˆ is given by
(3.5) q = −φ(x, y) and p = −ψ(x, y),
the so called hodograph transform [13]. Under this coordinate transformation, the
domain Ω whose boundary is the free surface, transforms to the domain Ωˆ whose
boundary is simply a horizontal line, hence transforming between an unknown
domain and a fixed domain. The images of the interior regions Ω± are given by
Ωˆ− =
{
(q, p) ∈ R2 : q ∈ (−cpi, 0), p ∈ (−∞, 0)
}
Ωˆ+ =
{
(q, p) ∈ R2 : q ∈ (0, cpi), p ∈ (−∞, 0)
}
.
(3.6)
Meanwhile the image of the free surface sections S± are given by
Sˆ− = {q ∈ (−cpi, 0), p = 0}
Sˆ+ = {q ∈ (0, cpi), p = 0} .
(3.7)
The hodograph transform between the fluid domain and the conformal domain is
illustrated in Figure 1:
Ω− Ω+ Ωˆ− Ωˆ+
S− S+
ψ = 0
ψ = m p = −m
p = 0
Sˆ− Sˆ+
q = cpiq = −cpix = 0x = −pi x = pi q = 0
(−φ,−ψ)
Figure 1. The hodograph transform between the free boundary
domain Ω and the fixed domain Ωˆ.
We introduce the height function h(q, p), such that
(3.8) h(q, p) = y.
We note that since h is harmonic in the (x, y)-variables and the coordinate trans-
formation (3.5) is conformal in the interior of Ωˆ, then h is also harmonic in the
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(q, p)-variables. We employ h and Bernoulli’s Law, cf. equation (3.2), to reformu-
late the free boundary problem given by equation (3.7) in the conformal domain Ωˆ,
as follows
∆q,ph = 0 on Ωˆ+
2(E − gh)(h2q + h
2
p) = 1 on p = 0
∇q,ph→
(
0,
1
c
)
uniformly in q as p→ −∞.
(3.9)
The function h is even and periodic with respect to q with a period of 2pic. The
transformation between the moving frame coordinates (x, y) and the conformal
coordinates (q, p) is given by the following relations:
∂q = hp∂x + hq∂y
∂p = −hq∂x + hp∂y
and
∂x = (c− u)∂q + v∂p
∂y = −v∂q + (c− u)∂p
(3.10)
with
hq = −
v
(c− u)2 + v2
and hp =
c− u
(c− u)2 + v2
.
4. The Velocity Field in the Fluid Domain
4.1. The Conformal Domain. In the analysis which follows, it will be necessary
to apply maximum principles in the conformal domain Ωˆ+. However, the fact that
the closure of this domain harbours a stagnation point at (q, p) = (0, 0) means
the velocity field does not possess the necessary regularity to impose the strong
maximum principle and Hopf’s maximum principle to u and v in any neighbourhood
of the wave crest. Nevertheless, in line with the methods developed in [8, 24] it is
possible to apply these maximum principles in the excised conformal domain Ωˆε+
illustrated in Figure 2:
ε
q = 0 q = cpi
p = 0
p = p1
Ωˆε+
Figure 2. The excised conformal domain Ωˆε+ truncated by the
streamline p = p1, where p1 < 0.
By means of the uniform limiting process outlined below, we extend these results
to the region Ωˆ+ and hence Ω+ also.
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4.1.1. The Uniform Limiting Process. We define h0 := h(q, 0) and note that there
is a sequence {hn : n ≥ 1} of regular Stokes waves which converges weakly to h0
in the Sobolev space W 1,kper (R), for k ∈ (1, 3), cf. [3]. Consequently this sequence
of regular Stokes waves approaches the extreme wave in the Ho¨lder space C0,αper (R)
with α ∈ (0, 23 ), cf. [8]. We introduce the variable ξ = q + ip and the function
γ : Ωˆ+ → Ω+
γ : ξ 7→ x+ iy,
(4.1)
which is analytic in Ωˆ+ and continuous on the boundary ∂Ωˆ+. Indeed the func-
tion γ has an analytic continuation to any point on the boundary of Ωˆ+, except
the stagnation point (q, p) = (0, 0). An application of Privalov’s theorem in a
semi-infinite, horizontal strip in the complex plane, as per [14], then ensures the
sequence {x+ iyn = γn : n ≥ 1} approaches γ in Cper(R × [−m, 0]) (the subscript
per denoting periodicity with respect to q) cf. [8], by means of the Hilbert trans-
form of ψ on this strip. To obtain the semi-infinite domain we let m → −∞. In
this case the corresponding Hilbert transform may be written in terms of the usual
Fourier coefficients of the periodic function ψ cf. [14], and it follows that γn → γ
in C0,αper (R× (−∞, 0]) also. Hence an infinite depth extreme wave may be obtained
as a limit of regular Stokes waves. The existence of Stokes waves presenting cusps
with a contained angle of 120 degrees, along with the convexity of the surface pro-
file between successive crests, have been established by means of such sequences of
regular Stokes waves tending to the wave of greatest height, see [2, 3, 26] for further
relevant discussions.
4.2. Properties of the Velocity Field. In the recent publication [24] the author
established results concerning the velocity field in the free boundary domain, ob-
tained by means of maximum principles applied in the excised conformal domain,
and extended to the fluid domain by means of the uniform limiting process. We now
present several results relevant to the analysis of the fluid pressure which follows in
Section 5.
Lemma 4.1 (cf. [24]). The velocity field (u, v) is continuous throughout the closure
of the fluid domain Ω, including the wave crest.
Lemma 4.2 (cf. [24]). In the interior of the fluid domain Ω+ and along the free
surface S+ we have v > 0, while along the crest-line and trough-line we have v = 0.
Lemma 4.3 (cf. [24]). Given the function f(x, y) := (c−u(x, y))v(x, y)− gx, then
on the free surface we have
(4.2)
d
dx
f(x, η(x)) ≤ 0, for x ∈ (0, pi)
in the case of regular deep-water Stokes waves cf. [21], and in the wave of greatest
height we have the same result except it is understood that at the wave-crest the
derivative is from the right-hand side only.
Proof. We present a short proof of this result. Differentiating f(x, η(x)) with re-
spect to x we find
d
dx
[(c− u) v − gx] = vx(1 + η
′ 2)(c− u)− g on y = η(x).(4.3)
8 TONY LYONS
Differentiating the Bernoulli relation (3.2) evaluated along the free surface, we find
(4.4) (c− u)vy(1− η
′ 2) + 2vvx + gη
′ = 0 on y = η(x).
With v = (u− c)η′ on S+ and dividing (4.4) by η
′ we find
(4.5) (c− u)
[
vy
η′
(1− η′ 2)− 2vx
]
+ g = 0 on S+.
However along S+ we have
d
dx
u(x, η) < 0 cf. [24], which yields
(4.6)
vy
η′
< vx on S+,
having made use of the incompressibility and irrotationality relations in equation
(2.3). In regular and extreme Stokes waves it is known that η′ 2 < 1, c.f. [1, 26],
and as such we find
(4.7) vx(1 + η
′ 2)(c− u)− g < 0 on S+,
with a strict sign inequality. It follows that df
dx
< 0 on S+. However, since the
left-hand side of (4.3) is even with respect to x, then d
dx
[(c− u)v − gx] < 0 on S±,
and it follows that df
dx
≤ 0 on y = η(x) by continuity, thus yielding inequality (4.2).

Corollary 4.4 (cf. [21]). Since f(x, η(x)) = 0 at x = 0 for the wave of greatest
height, Lemma (4.3) ensures that
(4.8) f(x, η(x)) ≤ 0 for x ∈ [0, pi].
5. Main Results
We now present the main results of this paper. In Theorem 5.1 it will be proven
that the pressure function is strictly decreasing in the horizontal direction between
any crest-line and subsequent trough-line, except along these lines themselves where
the pressure is stationary in the horizontal direction. In Theorem 5.2 it will be
proved that the pressure strictly increases with fluid depth throughout the fluid
body.
Theorem 5.1. In the moving frame, the pressure satisfies Px < 0 in Ω+ and along
S+. Along the crest-line {x = 0 : y ∈ (−∞, η(0)]} and the trough-line {x = pi : y ∈ (−∞, η(pi)]}
we have Px = 0.
Proof. The first equation in (2.1) along with the coordinate transformation given
by equation (3.10), ensure that in the moving frame the pressure satisfies
Px = (c− u)ux − vuy =
uq
h2q + h
2
p
,(5.1)
which is true throughout the fluid domain, except at the wave-crest where we have
a stagnation point, making uq singular there. In the recent work [24] by the author,
it was shown that uq < 0 in Ω+, and as such we conclude that Px < 0 therein.
Lemma (4.1) guarantees f is continuous throughout Ω, while antisymmetry of
f ensures f(0, y) = 0 for all y ∈ (−∞, η(0)]. Continuity of f along the boundary
ensures that fy(0, y) = 0 along the crest-line, and in particular at the wave-crest
we observe
(5.2) fy(0, η(0)) = lim
y→η(0)
f(0, η(0))− f(0, y)
η(0)− y
= 0.
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Moreover, given v = 0 along the crest-line it follows from equation (2.1) that
(5.3) Px(0, y) = −fy(0, y) = 0 for y ∈ (−∞, η(0)],
and so Px = 0 along the crest-line. Likewise along the trough-line we find f(pi, y) =
−gpi, by antisymmetry and periodicity of v, and consequently we find fy(pi, y) = 0
for all y ∈ (−∞, η(pi)]. Additionally, equation (2.1) yields
(5.4) Px(pi, y) = −fy(pi, y) = 0 for y ∈ (−∞, η(pi)],
in which case we similarly deduce that Px = 0 along the trough-line. Along the
free boundary section between the wave crest and wave trough, once again we use
(5.1) to express
(5.5) Px =
uq
h2q + h
2
p
< 0 along S+,
having employed uq < 0 on S+ to impose the last inequality, cf. [24]. The periodic-
ity of P now ensures that Px < 0 between any crest-line and subsequent trough-line
within the fluid body and on its free boundary, except along these lines themselves,
where we have Px = 0. Theorem 5.1 is thus proved. 
Theorem 5.2. The pressure function increases with depth throughout the fluid
body. That is to say
(5.6) Py < 0 throughout Ω.
Proof. From Lemma (4.4) we observe that f < 0 along S+. Meanwhile the anti-
symmetry and periodicity of v imply f(0, y) = 0 for y ∈ (−∞, η(0)] and f(pi, y) =
−gpi for y ∈ (−∞, η(pi)], and so we conclude f ≤ 0 along the boundary ∂Ω+. The
incompressibility and irrotationality of the flow, as given by equation (2.3), ensure
that the function f(x, y) is harmonic in the interior of the fluid domain Ω, in which
case f must attain it maximum and minimum in Ω+ along the boundary ∂Ω+.
Maximum principles then ensure that f < 0 on Ω+. To demonstrate this we first
note that the transformation given by equation (3.10) is conformal within Ω+, and
since f is harmonic in the interior of Ω+ it follows that f is also harmonic in the
interior of Ωˆ+.
Assuming there exists an interior point (q0, p0) ∈ Ωˆ+ where f(q0, p0) = 0, we
choose ε ∈ (0,
√
q20 + p
2
0) and excise a quarter disc of radius ε centered at (q, p) =
(0, 0) from the conformal domain, yielding the excised conformal domain Ωˆε+ (see
Figure 2). Having eliminated the stagnation point, the function f is now smooth
throughout the closure of Ωˆε+ and we also have the necessary regularity of the
boundary to apply maximum principles. Since (q0, p0) is an interior point of Ωˆ
ε
+
where f achieves its maximum value, then Hopf’s maximum principle requires that
f ≡ 0 throughout the excised conformal domain, which is not the case. Thus
f 6= 0 in the interior Ωˆε+. Moreover, if there exists a point (q0, p0) ∈ Ωˆ
ε
+ such
that f(q0, p0) = γ > 0, yet again we encounter a contradiction of Hopf’s maximum
principle. Owing to the boundary conditions (2.2), it is always possible to choose
p1 < p0 such that f(q, p1) < γ uniformly in q. Considering the behaviour of f on the
excised conformal domain truncated by the horizontal line p = p1, which we denote
by Ωˆε,p1+ (see Figure 2), Hopf’s maximum principle would require f ≡ γ throughout,
since the maximum value of f lies in the interior Ωˆε,p1+ . However, it is known that
f is not constant. Thus we conclude f < 0 in Ωˆε+ and the uniform limiting process
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(cf. Section 4.1.1) then ensures f < 0 throughout the interior of Ωˆ+. Since the
hodograph transform is conformal in the interior Ωˆ+, we also conclude that f < 0
in Ω+.
Since f < 0 in the interior and f = 0 on the crest-line of Ω+, then along the
lateral edge {x = 0 : y ∈ (−∞, η(0))}, the strong maximum principle ensures
(5.7) fx(0, y) < 0 for all y ∈ (−∞, η(0)).
However along the crest-line we also obtain from equation (2.1)
Py(0, y) = fx(0, y) for all y ∈ (−∞, η(0))
since antisymmetry ensures v(0, y) = 0 for y ∈ (−∞, η(0)]. It is immediately clear
that as we descend the crest-line the pressure increases, that is to say Py(0, y) < 0
for all y ∈ (−∞, η(0)). Antisymmetry and periodicity of v ensure that along the
trough-line we also have v(pi, y) = 0 in which case the strong maximum principle
requires vx(pi, y) < 0 where y ∈ (−∞, η(pi)). Thus equation (2.1) yields
(5.8) Py(pi, y) = (c− u(pi, y))vx(pi, y)− g < 0 for y ∈ (−∞, η(pi)),
since relation (2.6) requires c − u > 0 along the trough-line. Thus P is strictly
increasing as we descend the trough-line.
Next we apply maximum principles to fq in the excised region Ωˆ
ε
+ and by the
uniform limiting process (cf. 4.1.1) we will deduce fq < 0 in Ω+. We note that f
and fq are harmonic in Ωˆ+. Equations (3.10), (4.2), (4.3) and (4.5) ensure
(5.9) fq =
d
dx
f(x, η(x))
(c− u)(1 + η′ 2)
< 0 for x ∈ (0, pi).
Consequently, we have fq < 0 on Sˆ+ also. Meanwhile, on the lateral edges of Ωˆ
ε
+
we have v = 0, and as such
(5.10) fq = vx −
g
c− u
=
Px
c− u
= 0
along the line segments {(0, p) : p ∈ (−∞,−ε)} and {(cpi, p) : p ∈ (−∞, 0]}, since we
previously found Px = 0 along the crest-line and the trough-line. Considerations
similar to those which ensured f < 0 in the interior of the excised conformal domain
now ensure fq < 0 in Ωˆ
ε
+ also, while the uniform limiting process (cf. 4.1.1) extends
this inequality to the domain Ωˆ+. Since the hodograph transform H is conformal
in the open rectangle Ωˆ+, this also guarantees fq < 0 in Ω+ as claimed.
With fq < 0 in Ω+, we note that
fq =
(c− u)2
(c− u)2 + v2
[
vx
(
1 +
v2
(c− u)2
)
−
g
c− u
]
< 0 in Ω+
from which we immediately deduce
(5.11) uy <
g(c− u)
(c− u)2 + v2
in Ω+,
having also imposed the irrotationality condition (2.2). Moreover with the confor-
mal change of variables in equation (3.10) we observe
(5.12) uq = hpux + hquy =
(c− u)ux − vuy
(c− u)2 + v2
< 0 in Ω+,
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since uq < 0 in Ω+, cf. [24]. Combining the relations in (5.11) and (5.12) yields
the inequality
(5.13) vy >
vvx
c− u
in Ω+
which replaced in equation (2.1) ensures
(5.14) Py = −g + (c− u)vx − vvy < −g +
vx
c− u
[
(c− u)2 + v2
]
< 0 in Ω+.
Thus P is strictly decreasing a we descend into to fluid domain throughout Ω+.
Lastly equation (2.1) ensures
(5.15) ∆P = −2(u2x + u
2
y) ≤ 0 in Ω,
and as such P is super-harmonic in the fluid domain in which case P attains its
minimum on the boundary of Ω+. Furthermore the second boundary condition in
(2.2) requires
lim
y→−∞
Py = −g uniformly in x.
Thus we find that P attains its minimum on the upper boundary of Ω. Moreover,
since P is in fact constant on the free surface Hopf’s maximum principle ensures
(5.16) Py < 0 on y = η(x) for all x.
Owing to the symmetry of P with respect to x, we also deduce that Py < 0 in Ω−
and by periodicity throughout the fluid body Ω, thus proving Theorem 5.2. 
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